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Multiple Representations Help 
Teachers and Students Understand 
a Geometry Problem
This narrative account begins in a high school classroom as we describe how students were mostly unengaged 
with a “Problem of the Week.” As observers in this setting, we sat in the back of the classroom and attempted 
to solve the problem: Choose any three vertices of a cube at random.What is the probability that any three 
vertices will form a right triangle? Because of our different answers to the problem and the struggles we 
experienced as we attempted to visualize a cube with triangles on the faces and in the interior space we later 
created concrete and virtual manipulatives. Additionally, we posed this problem in a mathematics methods 
course with preservice high school teachers and then discussed the use of enactive (concrete), iconic 
(pictorial), and symbolic representations (Bruner, 1966). The signifi cance of using concrete manipulatives for 
some mathematics problems cannot be overstated.
Introduction
Th e signifi cance of using concrete 
manipulatives for some mathematics 
problems cannot be overstated. Using concrete 
materials is helpful for understanding abstract 
concepts (McNeil & Jarvin, 2007; Vinson, 
2001). Hatfi eld (1994) found students’ use 
of manipulatives decreased as the grade level 
increased from kindergarten to sixth grade. 
Although the National Council of Teachers 
of Mathematics (NCTM) recommends their 
use at all grade levels, manipulatives are 
frequently used by students in grades K-8 
but not in high school courses (Hartshorn & 
Boren, 1990).
We were visiting a high school classroom 
and geometry students were supposed to be 
working individually on a “Weekly Journal 
Problem,” written on the whiteboard. Each 
week the students were required to solve a 
problem in their journals and they were given 
5-10 minutes at the beginning of class to work 
on the problem. However on this day, most 
chit-chatted with each other, sat quietly, or 
raised their hands for help from the teacher. 
Th ey were not using concrete materials or 
manipulatives. Before you read the remainder 
of this article, we encourage you to solve the 
“Weekly Journal Problem” that the students 
were tackling.
Erol Uzan, Indiana University 
Shelly Sheats Harkness, University of Cincinnati
Each week 
the students 
were required 
to solve 
a problem 
in their 
journals and 
they were 
given 5-10 
minutes at 
the beginning 
of class to 
work on the 
problem. 
Problem: Choose any three vertices of a 
cube at random. What is the probability that 
any three vertices will form a right triangle?
How did you approach the problem? 
What strategies did you use? How confi dent 
are you with your answer?
Our Solution Attempts
We posed these questions because when 
we fi rst attempted to solve the problem we 
had diff erent solutions. Erol pictured cubes 
and triangles and used his knowledge of 
permutations to fi nd the probability. Shelly 
drew a picture of a cube, labeled the vertices, 
attempted to imagine triangles on the faces 
and within the cube, and then created 
patterns. When the two of us sat in the back 
of the classroom and quietly compared our 
diff erent answers we were not confi dent that 
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We pointed 
to the lines 
and vertices 
formed by 
the walls and 
ceiling of the 
classroom, 
“drawing” 
imaginary 
lines on the 
surfaces 
and spaces. 
we had accounted for all possible triangles in the cube and, additionally, we were uncertain as 
to which triangles inside the cube were right.
If someone had videotaped us as we discussed the problem, the images would have shown the 
two of us fi rst moving our arms and pencils to form right triangles (outlining the faces and edges 
of a cube) and then utilizing a tissue box from the teacher’s desk as a concrete representation of 
a prism. We pointed to the lines and vertices formed by the walls and ceiling of the classroom, 
“drawing” imaginary lines on the surfaces and spaces. Employing these methods, we were able 
to visualize some triangles as two-dimensional shapes on and within a three-dimensional space.
We moved from these initial imaginings and attempted to use symbolic representations, the 
“Binomial Coeffi  cient,” to fi nd all of the diff erent ways to arrange three vertices out of the eight 
vertices on a cube. Next, we needed to fi nd which of the 56 (8!/[3!(8-3)!]) possible triangles 
were right. Th ese maneuvers helped, but we left the high school classroom and continued to 
think about the “Weekly Journal Problem” after our initial deliberations.
In fact, it was only after we built manipulatives or models (see Figure 1) and refl ected on the 
problem that we were convinced of a correct solution (see Figures 2a and 2b).
Fig 1 Concrete manipulatives
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The 
signifi cance 
of using 
concrete 
manipulatives 
for some 
mathematics 
problems 
cannot be 
overstated. We 
needed tools 
that we could 
touch and 
move; these 
supported our 
efforts to 
visualize the 
problem.
Fig 2a Solution to weekly journal problem
Fig 2b Solution to weekly journal problem
Furthermore, as mathematics educators we pondered pedagogical implications based on 
our struggles. We thought about the students in the high school classroom and considered the 
following questions: Were their struggles the same as ours? What representations were they 
using? How might concrete manipulatives have helped them make sense of the problem?
Hence, we reemphasize our initial sentence in this article: Th e signifi cance of using concrete 
manipulatives for some mathematics problems cannot be overstated. We needed tools that 
we could touch and move; these supported our eff orts to visualize the problem. From those 
visualizations we were able to create patterns in a symbolic representation (see Figure 2). Indeed, 
Bruner (1966) suggested that when we attempt to learn new mathematical ideas, it is valuable 
to follow a sequence through three modes of representation: enactive (action-based or concrete) 
to iconic (image-based or pictorial) to symbolic (language-based or letters and numerals). Th is 
is true for adult learners as well as for young children (Bruner, 1966).
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With this 
lesson, the 
preservice 
teachers 
gained 
experience 
with 
manipulatives 
and they 
worked with 
concrete 
objects 
to see the 
triangles in 
different 
perspectives.
Using the Problem in a 
Preservice Teachers’ Methods 
Course
Because of our fascination with this 
problem, we decided to pose it in a methods 
course for preservice high school teachers in 
order to investigate how they attempted to 
solve it. We also wanted them to refl ect upon 
the implications of allowing their future 
students to use or not use manipulatives for 
solving problems. Please note these students 
were seniors who were earning dual majors 
in mathematics and education. Rather than 
working individually (as was the case in the 
high school classroom which we observed), 
the preservice teachers worked in groups of 
three. Similar to the enactment in the high 
school classroom, we gave the preservice 
teachers no manipulatives and posed the 
problem. We supplied them with chart paper 
and markers and walked around the classroom 
in order to listen to their strategies. All groups 
of preservice teachers drew cubes on their 
chart paper but none of them labeled the 
vertices in order to keep track of the triangles 
in an organized way. Th ey seemed to move 
directly from their sketches of cubes to using 
symbolic representations with numerals, 
factorials, and ratios.
After about 15 minutes of allowing the 
groups to explore the problem, we brought 
the class together as a whole group and 
asked them to share their thinking about 
the problem. Needless to say, during this 
conversation they told us they “wanted” and 
“needed” concrete manipulatives – cubes and 
triangles – in order to be more confi dent about 
their strategies. Following this conversation, 
we gave the groups cubes (similar to the ones 
shown in Figure 1), scissors, and foam board. 
For a second time, they explored the problem 
in their groups.
Using the foam board, all groups created 
right triangles with legs that were the same 
dimensions as the edges of the cubes and with 
hypotenuses that were the same dimensions 
as the face diagonals of the cube. One group 
of preservice teachers used the Pythagorean 
Th eorem to calculate whether or not the 
triangles formed within the cube were right; 
they measured three edge lengths of the 
triangles they created and checked those with 
the theorem.
At the end of the exploration, all groups 
shared their fi ndings and solution methods 
with the entire class. Th ey correctly found the 
number of possible triangles (56) by using 
the concrete cube and the number of right 
triangles formed on the faces of the cube (24). 
However, they still had diffi  culty determining 
which triangles inside the cube were right 
(24) and which were equilateral (8). None of 
the groups found the correct answer (48/56 
or 6/7).
With this lesson, the preservice teachers 
gained experience with manipulatives and 
they worked with concrete objects to see 
the triangles in diff erent perspectives. At 
the end of the lesson, they shared their 
thoughts about using manipulatives and they 
indicated that even though their solutions 
were incorrect, the manipulatives helped 
them to explore the problem. Th is led to a 
conversation about teaching and learning 
within the context of Bruner’s (1966) three 
modes of representation.
Extending the Lesson with 
Technology
Th e authors of NCTM’s Principles 
and Standards for School Mathematics 
(2000) note, “Technology is an essential 
tool for teaching and learning mathematics 
eff ectively; it extends the mathematics 
that can be taught and enhances students’ 
learning” (p. 24). Th us, we decided to extend 
our own exploration with the “Weekly 
Journal Problem” and Erol created a virtual 
manipulative with GeoGebra (see Figure 
3), an open source dynamic mathematics 
software for learning and teaching geometry, 
algebra, and calculus concepts.  Th e sketch 
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The virtual 
manipulative 
includes 
instructions 
and sliders so 
that students 
can select 
three vertices 
on the cube. 
They can 
rotate, turn, 
and zoom-in 
and zoom-out 
of the cube 
with mouse 
clicks. 
and directions on its use is available from the MathWorld (http://the-math-world.blogspot.
com/2011/04/geogebra-5.html). A portion of the sketch is illustrated in Figure 3. Students use 
the sketch as they write down triangles they fi nd on the datasheet provided at the end of this 
article.
To use the GeoGebra applet, students complete the following steps.
1. Download GeoGebra 5.0 3D Beta Version (http://www.geogebra.org/forum/viewtopic.
php?f=52&t=19846) for Virtual Manipulatives 
2. Save Right Triangle/Cube Virtual Manipulatives & Activity Sheet (http://www.geogebra.
org/en/upload/index.php?&direction=0&order=&directory=erol) to your computer
3. Launch GeoGebra 5.0
4. Click File/Open/Select the saved fi le
5. Manipulate sliders (in left pane) and rotate tool (in right pane) to explore possible 
solutions
Fig 3 GeoGebra 5.0 sketch of weekly journal problem (Available on-line at http://the-math-world.
blogspot.com/2011/04/geogebra-5.html)
Recall that when the preservice teachers were working on the problem with the manipulatives, 
they did not use letters or numbers to name the vertices of the cube. Th e lack of vertex 
labeling may have prevented them from seeing the patterns in the symbolic representation and 
caused them to make mistakes when they were calculating the number of right and non-right 
(equilateral) triangles. Th erefore, we labeled the vertices of the dynamic cube in the virtual 
manipulative with letters.
Th e virtual manipulative includes instructions and sliders so that students can select three 
vertices on the cube. Th ey can rotate, turn, and zoom-in and zoom-out of the cube with mouse 
clicks. Additionally, the virtual manipulative allows students to recognize that one triangle can 
be named in six diff erent ways. To be specifi c, when three vertices are selected in diff erent 
orders, all selected vertices represent the same triangle and this triangle is shown with the same 
color in the virtual manipulative (see Figures 4 and 5).
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Fig 4 Using plane view in GeoGebra 5.0 to informally verify that triangle ABD is right
Fig 5 Patterns of color-coding
Another advantage that the virtual manipulative off ers is that students have a chance not 
only to see the selected triangle on the three-dimensional cube but also investigate the same 
triangle in the two- dimensional view by right clicking on the cube. Additionally, students can 
explore whether or not the selected triangle is right by measuring its edges (and then using the 
Pythagorean Th eorem). Although we did not use this virtual manipulative with the preservice 
teachers, we feel as though it could provide students with the capability to use iconic (image-
based or pictorial) representations to solve the problem. Additionally, the color-coding in 
Figures 4 and 5 could lead to interesting discussions about combinations and permutations.
Another 
advantage that 
the virtual 
manipulative 
offers is 
that students 
have a chance 
not only 
to see the 
selected 
triangle on 
the three-
dimensional 
cube 
but also 
investigate the 
same triangle 
in the two- 
dimensional 
view
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Conclusion: Concrete, Pictorial, 
and Symbolic Representations
When students are learning new content 
with concrete manipulatives, they will 
experience mathematics in an enactive 
mode. Th ey can move to another mode of 
representation, iconic, by drawing pictures or 
using virtual manipulatives. Th ese concrete 
and iconic representations can ameliorate 
students’ use of symbolic representations via 
patterns, symbols, formulas, and tables. As a 
result, we believe that experiences with both 
physical and virtual manipulatives can impact 
teaching and learning mathematics because 
students who need these supports (much like 
we did as we sat in the high school classroom 
and worked on the “Problem of the Week”) 
can move through Burner’s (1966) modes of 
representation to the symbolic or abstract. 
Th erefore, the importance of allowing high 
school students opportunities to use concrete 
manipulatives to solve some mathematics 
problems cannot be overstated.
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Right Triangle/Cube                     NAME ___________________________ 

Problem: Choose any three corners of a cube at random. What are the chances that those points 
will form a right triangle? 

1. Write down your finding under the appropriate category. 

 
    Right Triangles 
 
    Oblique Triangles 































2. Number of triangles  : _______________ 
 
3. Number of right triangles : _______________ 
 
4. The probability of the event : _______________ 
